











The function f'is non-differentiable at points where one of the el-
ements of r is zero, but we can compute the derivatives at other
points:
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Approximately, the gradient of f'is
Vf(h) ~ G'Rr = G'R(Gr — d), (22)

where R is a diagonal weighting matrix with diagonal elements
that are the absolute values of the reciprocals of the residuals,
so that
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where € is a tolerance below which we consider the residuals to be
effectively zero. According to eq. (22), optimization (that is solving

V f(m) = 0) gives

G"RGih = G"Rd. (24)
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Effectively, these are the normal equations for the least squares
problem

minimize VR G m— VR d . (25)
Al (U

When G is large and sparse it can be advantageous to apply LSQR

(Paige & Saunders 1982) to solve the least squares problem (25)

instead of solving the system of equations in (24) directly. In the

IRLS procedure, we first solve eq. (25) by setting R to the identity

matrix and then update it iteratively to get a sparse solution.

3 APPLICATION TO TAIPEI BASIN

As a proof of concept, we apply our method using the same dis-
persion data set as in Huang et al. (2010) to estimate the crustal
structure of Taipei basin, Taiwan. Using the method due to Yao et al.
(2006), Huang et al. (2010) measured Rayleigh wave phase velocity
dispersion for periods ranging from 0.5 to 3.0 s from the empirical
Green’s functions estimated from ambient noise cross-correlation.
Based on eq. (1), we estimated the traveltimes at periods from 0.5
to 3.0 s between two stations from dispersion data. Fig. 2 shows the
station distribution as well as some major geological features in the
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Figure 2. Topography, tertiary basement, faults, river systems and station locations in the Taipei basin. There are one active fault shown as the red solid lines
and two suspected active faults shown as the red dash lines. Station locations are shown as red triangles with station names marked.
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Figure 3. The ray paths obtained from the final 3-D model (see Figs 6 and 7) at four periods by the fast marching method: (a) 0.8 s, (b) 1.4 s, (c) 2.0 s and

(d)2.6's.

study region. The ray paths for four different periods are shown in
Fig. 3. These paths are obtained (with the fast marching method)
from the final 3-D model (shown in Figs 6 and 7). The study region
is meshed with 16 by 16 grid points with an interval of 0.015° in
latitude and 0.017° in longitude and eight grid nodes at 0.3 km
spacing in depth. In our ¢,-norm inversion based on eq. (25), we
choose € (in eq. 23) to be 107 considering the machine accuracy
for single precision floating-point number. As a rule of thumb, the
fundamental mode Rayleigh wave phase velocity is mostly sensitive
to shear wave speed at depths around 1/3 of its corresponding wave-
length. For a uniform half-space Poisson solid, the phase velocity
¢ = 0.92Vs (shear wave speed, Shearer 2009). Therefore, we choose
an initial shear wave speed model that is close to the average of
measured phase velocities times 1.1 (Vs = 1.1c¢) at the depth of 1/3
of the wavelength (Fig. 4). The empirical relationships according

to Brocher (2005) are used to obtain the reference compressional
wave speed and density models for each surface grid point.

To investigate the performance of our algorithm for the (spatial
and spectral) sampling produced by our data we perform checker-
board resolution tests. We construct a 3-D checkerboard model
in order to assess the lateral and vertical resolution (Figs 5a and
b), compute inter-station Rayleigh wave traveltimes for the same
source-receiver distribution as in the real data distribution (using
the fast marching method), add 1 per cent random noise to the syn-
thetic traveltime data, and invert the data using the method described
above. The results (Figs 5a and b) suggest that structures can be re-
solved well in regions where the data constraints are good. Fig. 6
shows the final inversion results at different depths in the shallow
crust. The results are generally consistent with the phase velocity
maps at the corresponding periods in Huang et al. (2010) and show
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Figure 4. Transformation of all interstation Rayleigh wave phase velocity dispersion curves measured from the ambient noise cross-correlation method
(Huang et al. 2010) to a depth-shear wave speed approximation profile. For each Rayleigh wave phase velocity measurement, we replace period with 1/3 of
the corresponding wavelength (phase velocity times period) at the vertical axis and replace phase velocity with the approximated shear wave speed (1.1 times
phase velocity) at the horizontal axis. The average wave speed model from this profile (blue line) is used as the initial reference shear wave speed model in the

inversion.

a good correspondence to the geological features, with relatively
low shear wave speed in the basin and high wave speed in mountain
ranges (Fig. 2), which is also evident from vertical crustal sections
(Fig. 7). Upon our iterative, non-linear inversion the standard de-
viation of the traveltime residuals is reduced from 1.44 to 0.91 s,
and the average of the residuals for the final model is close to zero

(Fig. 8).

4 DISCUSSION

We have developed an iterative, wavelet-based non-linear method
to invert surface wave dispersion data directly for 3-D shear wave
speed structure. Compared to conventional methods our new method
has the following advantages: (i) it does not require the construc-
tion of 2-D phase (or group) velocity maps; (ii) a 3-D reference
model can be included; (iii) constraints on the lateral variations in
structure can be incorporated, (iv) it is computationally efficient
compared to full waveform inversion or adjoint tomography; (v)
the regularization used to stabilize the inversion is less subjective
than common applications of damping and smoothing, and (vi) the
wavelet-based model parametrization is inherently adaptive to data
coverage.

We note that the formulation and implementation used here is
based on the high-frequency approximation (ray theory) and as-
sumes weak heterogeneity and smooth lateral variation of the elastic
properties. There is no obstruction, however, for the incorporation
of quasi-3D finite frequency kernels by combining 2-D lateral fi-
nite frequency kernels of surface wave traveltimes (e.g. Ritzwoller
et al. 2002; Yoshizawa & Kennett 2004; Zhou et al. 2004) with
1-D depth sensitivity kernels as used in this study. In the compu-
tation of 2-D lateral finite frequency kernels, we can use the 3-D

wave speed model at each inversion step to obtain the 2-D phase
velocity maps and construct the 2-D lateral kernel with respect to
each ray path. Therefore, the 2-D lateral kernels can also be updated
during the inversion. More accurate kernels can be computed from
the adjoint method (Tape et al. 2007; Chen et al. 2014), but the
computational cost at high frequencies (e.g. ~1 Hz) is still large.
Therefore, our current approach will be especially useful to inves-
tigate shallow crustal or near surface wave speed structure using
higher frequency surface wave dispersion data, for instance, from
ambient noise cross-correlations or active source data in exploration
seismology or deep seismic sounding. If so desired, results from in-
versions using the method described here can serve as a starting
point for full waveform inversion.

An important further advantage and a motivation for its develop-
ment is its potential to exploit data redundancy though joint surface
and body wave inversions (Zhang et al. 2014). Indeed, due to its
formulation as a traveltime inversion it is easy to combine surface
and body wave traveltimes, and as long as the appropriate sensitivity
kernels are used it can jointly handle Rayleigh and Love wave (phase
and or group) velocities. Since shorter period Rayleigh wave dis-
persion data still have quite large sensitivity to compressional wave
speed structure in the shallow crust, the joint inversion of surface
wave and body wave traveltime data may provide better constraints
on both compressional wave speed and shear wave speed structures
in the shallow crust.

Problems may arise when model uncertainty is required for ¢,
norm direct inversions for millions of parameters, which is com-
mon in 3-D global or regional tomography. Uncertainty estimation
is relatively straightforward in the traditional two-step inversion,
which breaks the inverse problem into a linear step to construct the
phase/group velocity maps followed by a non-linear step to produce
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Figure 5. Lateral and vertical shear wave speed slices of the checkerboard test results. The checkerboard models at 0.3 and 0.9 km depths are shown in (a)
and (b). The top panels on vertical cross-section slices show the topography along the cross-section and the bottom panel gives the shear wave speed anomaly
in per cent with the colour bar given at the bottom. The triangles on each vertical cross-section slice mark the location of the stations close to the corresponding
profile.
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Figure 6. Horizontal slices of shear wave speed model of the Taipei Basin at depths of: (a) 0.3 km, (b) 0.9 km and (c) 1.5 km. Only zones of good resolution

based on the model uncertainty results (see Fig. 9) are shown.
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Figure 7. Shear wave speed model along the two vertical cross-sections of (a) A—A’; (b) B-B’. Locations of the cross-sections are shown in Figs 6(a) and (b).
In each plot the top panel shows the topography along the cross-section and the bottom panel gives the shear wave speed (km s~!) with the colour bar given at
the bottom. Only zones of good resolution based on the model uncertainty results (see Fig. 10) are shown.

a 3-D model (e.g. Shapiro & Ritzwoller 2002; Yao et al. 2008). It
is still computationally prohibitive for 3-D tomography problems
but will become feasible with the increasing power of computers.
Since our data set is small, we estimate uncertainty using a Monte
Carlo error propagation technique (Aster et al. 2013). We first calcu-
lated the synthetic traveltimes using the inverted wave speed model,
and then inverted the data many times each time adding 2 per cent
Gaussian random noise. Finally, we calculated the standard devia-
tion using the obtained wave speed models. We also used different
initial models to take into account the under estimation of uncer-
tainty due to the use of regularization term in regions with poor or
even no data constraint. Figs 9 and 10 show the uncertainty (stan-
dard deviation) distribution for the final 3-D model. It shows very
large uncertainties where the data coverage is poor, but in regions
with good data constraints the uncertainty is, as expected, small.

We also compare the phase velocity maps between the two-
step inversion (Huang ef al. 2010) and direct inversion methods
in Fig. 11. The phase velocity map for the direct inversion is con-
structed by computing the phase velocities for each grid point using
the final 3-D model. The results show very similar features with
low wave speed in basin regions and high wave speed in mountain
regions, except in regions with poor data coverage where artefacts
seem to appear in the two-step inversion.

5 CONCLUSION

We propose an approach for ray tracing based direct (non-linear)
inversion of surface wave dispersion data (that is, without the inter-
mediate step of phase or group velocity maps) for 3-D shear wave
speeds using a wavelet-based sparsity-constrained tomographic
technique. During the iterative inversion, ray paths at each pe-
riod (and, thus, the sensitivity matrix in the inversion system) is
updated using the newly obtained wave speed model at each itera-
tion. This is particularly relevant for tomographic reconstructions
of complex media, for instance, in the shallow crust, where great-
circle propagation of surface waves is typically no longer valid.
The wavelet-based sparsity-constrained inversion naturally helps
to achieve multiresolution of the tomographic models with higher
resolution in regions better constrained by data. As a proof of con-
cept, we successfully applied our algorithm to obtain the shallow
crustal shear wave speed structure in the Taipei Basin of Taiwan
using the short period Rayleigh wave dispersion data from am-
bient noise cross-correlations. The large wave speed variations in
the study region strongly affect wave propagation of short period
surface waves. In the future, incorporation of quasi-3D sensitivity
kernels of surface wave dispersion data and joint inversion with
body wave traveltimes will be implemented to resolve P and S wave
speed variations in complex media better.
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Figure 8. Distribution of surface wave traveltime residuals before (light grey, with the average i = —0.07 s and the standard deviation o = 1.44 s) and after
inversion (dark grey, with . = 0.01 sand o = 0.91 s).
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Figure 9. Estimated uncertainties of the wave speed model at depths of: (a) 0.3 km, (b) 0.9 km and (c) 1.5 km based on the Monte Carlo error propagation

method (see texts for details).
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Figure 10. Estimated uncertainties of the wave speed model along two cross sections of (a) A~A’ and (b) B-B’ corresponding to Fig. 7.
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Figure 11. Comparison of phase velocity maps at 0.8 s and 2.0 s between the two step inversion (Huang ef al. 2010) and direct inversion (this study) methods.
(a) 0.8 s of two-step inversion, (b) 0.8 s of direct inversion, (¢) 2.0 s of two-step inversion and (d) 2.0 s of direct inversion.
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